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A simple formula for the zero-temperature linear response ondutane of an interating meso-
sopi region, threaded by magneti ux, and attahed to noninterating single-hannel leads is
presented. The formula is valid for a general interating system exhibiting Fermi liquid proper-
ties. As an example of the eieny of the formula the results for the ondutane of a simple
Aharonov-Bohm ring with Kondo-Fano resonane physis are presented and ompared with numer-
ial renormalization group results.
The eletron-eletron interation often plays a ru-
ial role in transport through mesosopi systems. The
Kondo eet in quantum dots is e.g. a prototype
phenomenon, where orrelations dominate the ondu-
tane
1,2
. Another remarkable eet is the Fano reso-
nane physis intertwined with Kondo physis
3,4
. Reent
advanes in nanofabriation of Aharonov-Bohm (AB) de-
vies made possible a realization and a systemati study
of suh phenomena
5
.
For systems where the interation is absent, or very
weak, transport properties may be determined using the
Landauer-Büttiker formalism
6
. On the other hand, if the
interation is important in the system being studied, the
use of a more general approah is essential. An appro-
priate formalism, expressing the ondutane in terms
of non-equilibrium Green's funtions, was developed by
Meir and Wingreen
7
. The formalism an in priniple
be used to treat systems at a nite temperature, nite
soure-drain voltage, and an even be extended to de-
sribe time-dependent transport phenomena
8
. Another
approah to desribing the transport in interating sys-
tems, appliable only to systems in the linear-response
regime, is the Kubo formalism
9
.
Reently, a simple method for alulating the ondu-
tane through a region with eletron-eletron interation
(e.g., a moleule, a quantum dot, a quantum dot array
or a similar 'artiial moleule' system, ...), onneted
to single-hannel noninterating leads, was presented in
Ref. 10 (hereafter referred to as RR)
11
. The ondutane
is determined solely from the ground-state energy of an
auxiliary system, formed by onneting the ends of the
leads of the original system into a ring and threaded by
magneti ux. The method is appliable to Fermi liquid
systems at zero temperature and in the linear response
regime. The validity is additionally restrited to the
lass of interating systems obeying time reversal sym-
metry. Several ondutane formulae, beoming exat
in the limit of a very large ring, are derived, the most
pratial being the two-point formula,
G = G0 sin
2
(
π
2
E (π)− E (0)
∆
)
, (1)
where E (0) and E (π) are the ground-state energies of
the auxiliary interating system with periodi and an-
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Figure 1: (a) Interating mesosopi region (gray-shaded
sites), threaded by magneti ux and oupled to noninterat-
ing leads. (b) Auxiliary ring system. () Behavior of energy
levels as the ux threading the ring is varied. (d) System from
Ref. 4 with a quantum dot embedded in an AB ring.
tiperiodi boundary onditions, respetively. The aver-
age level spaing at the Fermi energy ∆ = [Nρ (ǫF )]
−1
is
determined by the density of states in an innite lead ρ (ǫ)
and the irumferene of the ring N , and G0 =
2e2
h is the
ondutane quantum. The orresponding ground-state
wave funtion an be hosen real, whih simplies the
determination of the ground-state energy by, for exam-
ple, variational or density matrix renormalization group
approahes.
In this paper we present a generalization of the ondu-
tane formula Eq. (1) to systems whih expliitly exhibit
time reversal asymmetry, suh as is e.g. an AB-type of
2system presented in Fig. 1(a). The formalism presented
here is valid for general systems onsisting of interon-
neted sites with interation, threaded with magneti ux
and onneted to noninterating leads.
First we onsider the noninterating ase and single-
eletron states. The transmission amplitudes tk and t
′
k
of an eletron with a wave vetor k and an energy εk de-
sribe the transmission from the left to the right lead and
from the right to the left lead of the system presented in
Fig. 1(a), respetively. They are related by an expression
derived in RR,
t′ke
iφ + tke
−iφ = eikN +
tk
t′∗k
e−ikN , (2)
where Φ = ~eφ is the magneti ux through the auxiliary
system shown in Fig. 1(b). If there is no AB ux thread-
ing the mesosopi region, the time reversal symmetry
is restored, tk = t
′
k and the energy is an even funtion
of φ, as illustrated in Fig. 1(). In a general ase, the
unitarity of the sattering matrix requires |tk| = |t
′
k| and
the transmission amplitudes are related as tk = t˜ke
iφ0k
and t′k = t˜ke
−iφ0k
. Expressing t˜k in terms of its modulus
|tk| and a phase-shift ϕk, t˜k = |tk| e
iϕk
, the eigenenergy
equation Eq. (2) reads
|tk| cos(φ− φ0k) = cos (kN − ϕk) . (3)
Algebrai manipulation equivalent to that in RR gives an
impliit equation for |t (εk)|, exat to the leading order
in
1
N ,
∂ arccos (∓ |t (εk)| cos [φ− φ0 (εk)])
∂ cosφ
= πNρ(εk)
∂εk
∂ cosφ
,
(4)
where the sign ∓ depends on weather k belongs to a
dereasing (+) or to inreasing (−) branh of the osine
funtion in Eq. (3) and ρ(ε) =
(
π
√
4t20 − ε
2
)
−1
with t0
being the nearest neighbor hopping in the leads. By using
the priniple of mathematial indution, as in RR but
generalized to a nite φ0, the transmission probability at
the Fermi energy εF is expressed as
1
π
∂ arccos2 (∓ |t (εF )| cos [φ− φ0 (εF )])
∂ cosφ
= πNρ(εF )
∂E
∂ cosφ
,
(5)
where E is the ground-state energy of a system ontain-
ing an even number of eletrons. Negleting the vari-
ation of t (εF ) and ρ (εF ) with φ (the error made is of
the order of
1
N ), Eq. (5) leads to a universal form of
the ground-state energy of the auxiliary system E(φ) =
π−2∆arccos2 (∓ |t (εF )| cos [φ− φ0 (εF )])+const.
12
From
this form, the transmission probability an be extrated,
and the ondutane is given by
G = G0 sin
2
(
π
2
E (φ0 + π)− E (φ0)
∆
)
, (6)
where φ0 ≡ φ0 (ǫF ) is determined by the position of the
minimum (or maximum) in the energy vs. ux φ urve,
shematially shown in Fig. 1(). The ondutane an
also be alulated from the more onvenient four-point
formula
13
:
G = G0
[
sin2
(
π
2
E (π)− E (0)
∆
)
+
+sin2
(
π
2
E (π/2)− E (−π/2)
∆
)]
, (7)
and φ0 an be determined from the expression
φ0 = − arctan
sin
(
pi
2
E(pi/2)−E(−pi/2)
∆
)
sin
(
pi
2
E(pi)−E(0)
∆
) . (8)
We now onsider the interating ase. If no AB ux is
present in the mesosopi region and the ground state of
the system exhibits Fermi liquid behavior, i.e., the per-
turbation theory in the interation strength is valid, the
imaginary part of the self-energy due to the interation
vanishes quadratially at the Fermi energy,
ImΣij (ω + iδ) ∝ (ω − εF )
2
, (9)
and a quasipartile Hamiltonian an be onstruted for
eah value of εF . As shown in RR the ondutane al-
ulated from the quasipartile Hamiltonian reprodues
the ondutane of the interating system, and is exatly
given by Eq. (1) [or Eq. (7) sine E (π/2) = E (−π/2) in
this ase℄. If the time reversal symmetry is broken due
to AB ux, Eq. (9) is not valid and the proof has to be
reonsidered. Repeating the steps as presented in detail
in RR, the proof is restored and basially unhanged if
the exat self energy obeys the relation
1
2i
[Σij (ω + iδ)− Σij (ω − iδ)] ∝ (ω − εF )
2 . (10)
It follows that also the linear response ondutane of an
interating AB system at zero-temperature is given by
the four-point formula Eq. (7). This ondition is fullled
if the system is a Fermi liquid.
In order to demonstrate the pratial value of the
method, we quantitatively analyze the ondutane
through an Aharonov-Bohm ring with a quantum dot
plaed in one of the arms as presented in Fig. 1(d)
3,4
.
The quantum dot is desribed as an Anderson impurity
with level position ǫd and a harging energy U , oupled
to eah of the leads with a tunneling matrix element t1.
Eletrons an also be transferred from one lead to the
other diretly through the upper arm of the AB ring.
This proess is desribed by a tunneling matrix element
t2. The ring is threaded by an AB ux ΦAB =
~
eφAB in
suh a way that only the diret tunneling matrix element
is aeted, i.e. t2 → t2e
iφAB
. The Fermi energy is set
at the middle of the band, thus ∆ = 2pit0N . We perform
the nite-size analysis of the four-point formula Eq. (7),
hanging the irumferene of the ring N . In order to
be able to ompare our results with those of the NRG
3−1.5 −1 −0.5 0 0.5
εd /t0
0
1
G
/G
0
50
100
200
400
exact
1/N
0.8
1
G
/G
0
100
200
400
800
1600
3200
φΑΒ = pi/4
U = 0
Figure 2: The ondutane of a noninterating (U = 0) AB
ring at φAB =
pi
4
. The inset shows onvergene of the on-
dutane at the peak near εd = 0. Parameters: t1 = 0.177t0,
t2 = 0.298t0.
method, we hoose the same values of parameters as in
Ref. 4.
In Fig. 2 the results for the ondutane of a noninter-
ating (U = 0) system with φAB =
pi
4 are presented. Due
to a non-zero AB ux, the ground-state energy must be
determined at four φ points as required by Eq. (7). The
ondutane exhibits a typial Fano resonane with a dip
and a sharp peak. Results alulated for various numbers
of sites in the ring N are ompared with the exat on-
dutane urve. The inset shows a onvergene test of
the method at the peak near ǫd = 0, where due to a
strong energy dependene of the transmission amplitude
the onvergene is the most deliate.
In the interating ase, we determined the required
ground-state energies using an approah similar to the
variational method of Gunnarson and Shönhammer
10,14
for the Anderson model. The variational basis set is gen-
erated from the ground state
∣∣0˜〉 of an auxiliary noninter-
ating Hamiltonian in whih the energy level of the dot εd
and the hopping matrix element t1 between the dot and
the leads are renormalized in suh a way to minimize
the ground-state energy. Apart from the Hartree-Fok
ase where this is the only variational wave funtion, we
form two additional basis sets. The rst has three varia-
tional wave funtions P0
∣∣0˜〉, P1 ∣∣0˜〉 and P2 ∣∣0˜〉, where P0,
P1 and P2 are projetors onto unoupied, singly ou-
pied and doubly oupied dot site. In the seond basis
set we add four additional wave funtions, P0V P1
∣∣0˜〉,
P2V P1
∣∣0˜〉, P1V P0 ∣∣0˜〉 and P1V P2 ∣∣0˜〉, where V is the op-
erator desribing hopping between the leads and the dot.
In all the three ases, the noninterating limit is or-
retly reprodued. Furthermore, exept in the Hartree-
Fok ase, the method is also exat in the limit where
the dot is deoupled from the rest of the system.
An interating AB ring with U 6= 0 serves as a good
nontrivial test of the method. We hoose a strong ou-
pling regime as in Ref. 4, with U = 8Γ, where Γ =
1
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Figure 3: Zero-temperature linear response ondutane as a
funtion of level position εd for various values of the AB ux.
Labels '3' and '7' orrespond to variational wave funtions
with three and seven terms, respetively. The dash-dotted
line is the result obtained using the HF approximation and
the dotted line is the NRG result from Ref. 4. Parameters:
t1 = 0.177t0 (Γ = 0.125t0), t2 = 0.298t0 , U = t0 = 8Γ.
4πt21ρ (ǫF ) is the line width of the dot level in the ab-
sene of the upper arm of the AB ring. The results are
presented in Fig. 3 and ompared with results obtained
using the NRG method
4
, together with the orrespond-
ing Hartree-Fok (HF) urve. It should be noted that
with the parameter set hosen, the underlying physis is
in the strong orrelation regime, where e.g. the width of
the Kondo peak is of the order 10−4U . The HF method
therefore fails to reprodue NRG results, while the vari-
ational results are very lose to the NRG urve. By
extending the variational spae from 3 to 7 terms, the
agreement with NRG improves even further and the small
remaining disrepany would most probably be addition-
ally redued if an even riher variational wave funtion is
used. Interestingly, we nd the largest deviation in the
'empty orbital' regime, εd . −U . The results of the vari-
ational and the HF methods here agree, both deviating
from the NRG result, while asymptotially all the urves
reah the orret limit G = 0.3G0
4
. We have also heked
the result in this regime using the seond order pertur-
bation theory approah
15
whih gives a ondutane in
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Figure 4: The same as in Fig. 3(b), but alulated for dierent
numbers of sites in the auxiliary ring N . The inset shows
onvergene of the ondutane at ǫd = −U/2.
agreement with variational and HF methods (not shown).
In Fig. 4 a onvergene test of the method for the result
from Fig. 3(b) is shown. The onvergene with N is fast
in the empty orbital regime and beomes progressively
slower as ǫd shifts toward the Kondo regime. The reason
an learly be attributed to a very strong oupling regime
resulting in an extremely narrowKondo peak. A very ne
energy resolution is therefore required to resolve the peak
and to obtain a onverged ondutane urve.
Broken time reversal symmetry in AB systems is sig-
naled by φ0 6= 0. In Fig. 5 is shown the phase shift φ0
orresponding to Figs. 2 and 3(b) as determined from
Eq. (8). In ontrast to the smooth noninterating result,
the phase shift in the interating ase exhibits a well de-
veloped plateau, orresponding to the Fano-suppressed
Kondo plateau in the ondutane. The φ0 urve, whih
learly annot be orretly reprodued in the HF approx-
imation, an be explained as follows: In the empty or-
bital regime, the urrent mainly ows through the upper
arm of the ring and therefore, eletrons aquire an addi-
tional phase shift φ0 ∼ φAB (note that φ0 and φ0−π are
physially equivalent). On the other hand, in the Kondo
regime almost all the urrent passes through the quan-
tum dot and no additional phase shift is present, φ0 ∼ 0.
In summary, we have derived a formula for zero-
temperature linear response ondutane of an interat-
ing eletron region oupled to single-hannel leads where
the eletron-eletron interation is absent. The interat-
ing part of the system an be a general Aharonov-Bohm
type of interferometer with broken time reversal symme-
try [Fig. 1(a)℄. The ondutane of suh an open system
is exatly determined from an auxiliary losed system
[Fig. 1(b)℄, where the leads of the original system are on-
neted to form a ring of N noninterating sites threaded
by an auxiliary magneti ux. Eq. (7), whih follows from
the universal form of the ground-state energy of the aux-
iliary system for a large but nite N , expresses the on-
dutane in terms of the ground-state energy evaluated
at four dierent values of the auxiliary ux. The proof
of validity of the formula for interating systems relies
on the mapping of the system onto an eetive quasipar-
tile problem and is therefore valid for systems exhibit-
ing Fermi liquid properties. We have demonstrated the
usefulness of the formula by applying it to a prototype
system exhibiting Kondo-Fano behavior. Results based
on the four-point formula and variational ground-state
energies onrm results of the numerial renormalization
group method.
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Figure 5: Phase shift φ0 as a funtion of εd/t0 for the non-
interating AB ring of Fig. 2 (NI) and for various ground-
state energy methods applied to the interating AB ring of
Fig. 3(b).
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